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For any ﬁnite group of Lie type G(q), Deligne and Lusztig
[P. Deligne, G. Lusztig, Representations of reductive groups over
ﬁnite ﬁelds, Ann. of Math. (2) 103 (1976) 103–161] deﬁned a fam-
ily of virtual Q-characters RGT (θ) of G(q) such that any irreducible
character of G(q) is an irreducible constituent of at least one of
the RGT (θ). In this paper we study analogues of this result for char-
acters of the ﬁnite reductive Lie algebra G(q) where G = Lie(G).
Motivated by the results of [E. Letellier, Fourier Transforms of In-
variant Functions on Finite Reductive Lie Algebras, Lecture Notes in
Math., vol. 1859, Springer-Verlag, 2005] and [G. Lusztig, Represen-
tations of reductive groups over ﬁnite rings, Represent. Theory 8
(2004) 1–14], we deﬁne two families RGT (θ) and R
G
T (θ) of virtual
Q-characters of G(q). We prove that they coincide when θ is in
general position and that they differ in general. We verify that any
character of G(q) appears in some RGT (θ). We conjecture that this
is also true if RGT is replaced by R
G
T .
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a connected reductive algebraic group deﬁned over a ﬁnite ﬁeld Fq of characteristic p
and let F :G → G be the corresponding Frobenius endomorphism. Let G be the Lie algebra of G and
let Ad :G → GL(G) be the adjoint action. Then Ad and G are both deﬁned over Fq and we denote
again by F :G → G the corresponding Frobenius endomorphism on G . Let  = p be a prime and let
C(G F ) be the Q-vector space of functions G F → Q which are invariant under the adjoint action
of GF on G F . A (non-necessarily irreducible) character of the ﬁnite abelian group (G F ,+) is said to
be an invariant character of G F if it belongs to C(G F ). If moreover it cannot be decomposed as the
sum of two invariant characters, it is said to be an irreducible invariant character of G F . The invariant
characters of G F were ﬁrst studied by Springer [11].
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Let L be the Lie algebra of some F -stable Levi subgroup L of a (non-necessarily F -stable) parabolic
subgroup P of G . We deﬁned in [5] an induction RGL :C(LF ) → C(G F ) which uses a G-equivariant
homeomorphism ω :Gnil → Guni from the variety of nilpotent elements of G onto the variety of unipo-
tent elements of G . The independence of RGL from ω is proved in [6] under some restriction on p
and q.
Let RGL denote the Lusztig induction [7] from the Q-vector space C(L
F ) of class functions on LF
to C(GF ).
The connection between RGL and RGL is as follows. We denote by C(G F )nil (resp. C(GF )uni) the
subspace of C(G F ) of nilpotently supported functions (resp. the subspace of C(GF ) of unipotently
supported functions). The transpose of ω gives a map ω∗ :C(GF )uni → C(G F )nil. Our induction RGL is
deﬁned such that the following diagram commutes:
C(LF )uni
RGL
ω∗
C(GF )uni
ω∗
C(LF )nil
RGL C(G F )nil.
We know from [2, Corollary 7.7] that any irreducible character of GF appears in some virtual charac-
ter RGT (θ) for some F -stable maximal torus T of G and some irreducible character θ of T
F .
In this paper we prove a Lie algebra analogue of this result.
More precisely, let T be the Lie algebra of some F -stable maximal torus T of G . We ﬁrst prove
that the Q-linear map R
G
T := qdimURGT , where U is the unipotent radical of a Borel subgroup of G ,
takes characters of T F to virtual invariant characters of G F , i.e., to Z-linear combinations of invariant
characters of G F . We then prove that any irreducible invariant character of G F appears in some RGT (η)
where T an F -stable maximal torus of G and η a linear additive character of T F .
To state our third result, we need to introduce a Fourier transform. Let Ψ :Fq → Q× be a non-
trivial additive linear character of Fq , and let μ :G × G → Fq be a G-invariant symmetric non-
degenerate bilinear form deﬁned over Fq . Let FG :C(G F ) → C(G F ) be the Fourier transform deﬁned
by
FG( f )(x) =
∑
y∈G F
Ψ
(
μ(x, y)
)
f (y).
We prove that an irreducible invariant character of G F has a non-trivial multiplicity in some RGT (1),
with T an F -stable maximal torus and 1 the trivial character, if and only if it is the Fourier transform
of the characteristic function of some nilpotent (adjoint) orbit of G F .
The unipotent characters of GF are deﬁned as the irreducible characters of GF which have a non-
trivial multiplicity in some RGT (1) [2, Deﬁnition 7.8]. In that sense, the Fourier transforms of the
nilpotent orbits are the Lie algebra analogues of the unipotent characters of GF .
The proofs of the above results are available if p is acceptable for G in the sense of [6, Section 5].
This ensures the existence of RGL and FG , and the availability of the results in [6] we use. Recall that
if G is simple, then p is acceptable if and only if it is very good for G . Moreover, if p is acceptable
for G , then it is acceptable for the Levi subgroups of its parabolic subgroups.
1.2. The virtual characters RGT (θ)
Motivated by the results of [9], we deﬁne an induction RGT :C(T F ) → C(G F ) for any F -stable max-
imal torus T of G with T = Lie(T ). This induction is deﬁned in terms of a virtual G F × T F -module.
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deﬁnition of this virtual module uses a cohomological method similar to [2]. Unlike RGT , the deﬁnition
of RGT does not require any assumption on the characteristic p.
When p is acceptable and q is large enough, we prove that RGT (θ) = GTRGT (θ) when θ is in gen-
eral position. We also show that the two virtual characters RGT (1) and R
G
T (1) are not proportional in
general. Finally we conjecture that any irreducible invariant character of G F appears as an irreducible
constituent of RGT (θ) for some F -stable maximal torus T and some linear character θ of T F .
2. Invariant characters
2.1. Generalities
Let G be a ﬁnite abelian group (e.g. a vector space over a ﬁnite ﬁeld) and let G be a ﬁnite group
acting on G . Let K be an algebraically closed ﬁeld isomorphic to C. We choose an involution K → K,
z → z such that ζ = ζ−1 if ζ is a root of unity.
Let C(G) be the K-vector space of all functions f :G → K which are constant on G-orbits of G .
If O is a G-orbit and x ∈ O, we denote by 1O or 1Gx the characteristic function of O, i.e., 1O(y) = 1
if y ∈O and 1O(y) = 0 if not. If x ∈ G and y ∈ G , we denote by CG(x) and CG(y) the centralizers of x
and y in G . Denote by ( , )G the form on C(G) deﬁned by
( f , g)G = |G|−1
∑
x∈G
f (x)g(x)
for f , g ∈ C(G). Note that ( f ,1Gx )G = |CG(x)|−1 f (x) for any f ∈ C(G) and x ∈ A.
We say that the character of a (non-necessarily irreducible) representation of (G,+) over a K-
vector space is invariant if it belongs to C(G). An invariant character of G is irreducible if it cannot be
written as the sum of two invariant characters. We denote by IrrG(G) the set of irreducible invariant
characters of G . It is clear that any invariant character of G decomposes in a unique way as a sum
of elements of IrrG(G). Note also that if X and X ′ are two invariant characters then (X ,X ′)G = 0 if
and only if X and X ′ have a common irreducible constituent.
We denote by G the semidirect product G  G . We identify G and G as subgroups of G via the
natural inclusions G → G, x → (x,1) and G → G, g → (0, g). Then G is a normal subgroup of G and
the restriction to G of characters of G are invariant characters of G .
For an inclusion of ﬁnite groups H ⊂ K , we denote by IndKH and ResKH the usual induction and
restrictions of class functions as in [10].
Proposition 2.1. The set IrrG(G) is an orthogonal basis of C(G).
Proof. The orthogonality with respect to ( , )G is clear. Let us see that IrrG(G) spans C(G). Let
f ∈ C(G). Then IndGG( f ) is a class function of G and so is a K-linear combination of irreducible
characters of G. Hence the restriction of IndGG( f ) to G is a linear combination of irreducible invari-
ant characters. We now conclude from the fact that the restriction of IndGG( f ) to G is the func-
tion |G| · f . 
Let X = Hom(G,K×). The group G acts on X by (g · θ)(a) = θ(g−1 · a). For θ ∈ X , we denote
by CG(θ) the centralizer of θ in G .
If θ ∈ X , we denote again by θ the trivial extension of θ to G  CG(θ). Then for any irreducible
character χ of CG(θ), the character
IndGGC (θ)(θ ⊗ χ)G
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Θ ∈ IrrG(G) be the sum of the elements of G · θ , then observe that
(
ResGG ◦ IndGGCG (θ)
)
(θ ⊗ χ) = χ(1) · Θ. (1)
If C(G) is the K-space of class functions on G, then the unique K-linear map C(G) → C(G), f → f˜
deﬁned on IrrG(G) by Θ → Θ˜ := IndGGCG (θ)(θ ⊗ 1) is a section of ResGG :C(G) → C(G).
2.2. Generalized inductions
Let A and B be two ﬁnite groups. Let M be a ﬁnite dimensional K-vector space. We say that M
is an A-module-B if M is a left K[A]-module and a right K[B]-module such that for any (a,b) ∈
K[A] × K[B] and x ∈ M , we have (a · x) · b = a · (x · b). Such a module M deﬁnes a functor from
the category of ﬁnite dimensional left K[B]-modules to the category of ﬁnite dimensional left K[A]-
modules by V → M ⊗K[B] V . This functor induces thus a K-linear map RAB :C(B) → C(A) on class
functions. The approach to generalized induction functors using bi-modules is due to Broué. We have
the following proposition [3, 4.5]:
Proposition 2.2. Let f ∈ C(B) and h ∈ A, then
R AB ( f )(h) = |B|−1
∑
k∈B
Trace
((
h,k−1
) ∣∣ M) f (k).
Let H be a ﬁnite abelian group on which a ﬁnite group H acts. We denote by H the semi-direct
product H H . We also let G , G , G be as in Section 2.1. Assume that M is a G-module-H.
We deﬁne a K-linear map RGH :C(H) → C(G) by
RGH( f ) = ResGG ◦ RGH( f˜ )
where f˜ ∈ C(H) is deﬁned in Section 2.1. Clearly it maps invariant characters to invariant characters.
Let us see an example. Assume that H ⊂ G and H ⊂ G . Put M = K[G] where G acts by left trans-
lation and H by right translation. Then RGH is the classical induction Ind
G
H and
RGH( f )(x) = |G| · |H|−1
∑
{g∈G|g−1·x∈H}
f
(
g−1 · x).
2.3. Group Fourier transforms
Let A be a ﬁnite group and let Irr(A)∗ be the set of all maps Irr(A) → K where Irr(A) denotes the
set of irreducible characters (where representations of A are over K-vector spaces). Then deﬁne the
Fourier transform F :C(A) → Irr(A)∗ by
F( f )(χ) =
∑
g∈A
f (g)χ(g)
χ(1)
.
Consider on C(A) and Irr(A)∗ the algebra structure deﬁned by convolution and pointwise multiplica-
tion respectively, i.e.,
( f1 ∗ f2)(g) :=
∑
g g =g
f1(g1) f2(g2), f1, f2 ∈ C(A),1 2
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(F1 · F2)(χ) = F1(χ)F2(χ), F1, F2 ∈ Irr(A)∗.
Then F is a K-algebra isomorphism C(A) → Irr(A)∗ .
2.4. Equivariant Fourier transforms
Let now (G,G,G, X) be as in Section 2.1 and let IrrG(G)∗ be the set of all maps IrrG(G) → K.
Deﬁne F :C(G) → IrrG(G)∗ by
F( f )(χ) =
∑
x∈G
f (x)χ(x)
χ(0)
. (2)
Then F is just the restriction to G-invariant functions of the Fourier transform on the ﬁnite abelian
group G (see Section 2.3). In particular, F( f1 ∗ f2) = F( f1) · F( f2).
Assume now that G is a ﬁnite dimensional vector space over a ﬁnite ﬁeld k and that there exists
a G-invariant, symmetric, non-degenerate bilinear form μ :G ×G → k. We also ﬁx once for all a non-
trivial additive character Ψ :k → K× . For a ∈ G , we deﬁne θa ∈ X by θa(b) = Ψ (μ(a,b)). Then the
map a → θa is a G-equivariant isomorphism G → X . This induces a parametrization O →∑a∈O θa of
IrrG(G) by the set of G-orbits of G . Deﬁne a K-linear map F :C(G) → C(G) as follows. For f ∈ C(G)
and a G-orbit O, put F( f )(1O) := F( f )(∑a∈O θa). Observe that F is the usual Fourier transform
deﬁned by
F( f )(x) =
∑
y∈G
Ψ
(
μ(x, y)
)
f (y).
This Fourier transform was ﬁrst studied in [11]. Observe that the functions F(1O), where O describes
the G-orbits of G , are the irreducible invariant characters of G and by Formula (1), for x ∈ G , we have:
F(1Gx )= (ResGG ◦ IndGGCG (x)
)
(θx ⊗ 1). (3)
3. The virtual characters RGT (θ)
Let G be a connected reductive algebraic group deﬁned over a ﬁnite ﬁeld Fq et let p denote the
characteristic of Fq . We denote by G the Lie algebra of G and by F :G → G , F :G → G the Frobenius
endomorphisms. We denote by Ad :G → GL(G) the adjoint action. We ﬁx once for all a prime  = p
and we put K = Q .
By a virtual invariant character of G F , we shall mean a Z-linear combination of invariant characters
of G F (invariant with respect to the adjoint action of GF on G F ).
3.1. Deligne–Lusztig induction: The group case
If X is a variety over Fq , we denote by Hic(X) = Hic(X,K) the -adic cohomology with com-
pact support. Let L be an F -stable Levi subgroup of a parabolic subgroup P of G , and let V
denote the unipotent radical of P . Let LG :G → G , x → x−1F (x) be the Lang map. The vari-
ety L−1G (V ) is thus endowed with an action of GF by left multiplication and an action of LF by right
multiplication. These actions make Hic(L−1G (V )) into a GF -module-LF . The virtual K-vector space
H∗c (L−1G (V )) :=
∑
i(−1)i Hic(L−1G (V )) is thus a virtual GF -module-LF . This bi-module deﬁnes a map
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F )) → Z(Irr(GF )), χ → H∗c (L−1G (V )) ⊗LF χ , see [7]. Then for χ ∈ Irr(LF ), and g ∈ GF , we
have (see Proposition 2.2)
RGL (χ)(g) =
∣∣LF ∣∣−1∑
l∈LF
Trace
((
g, l−1
) ∣∣ H∗c (L−1G (V )))χ(l).
Let Guni denote the variety of unipotent elements of G . Let T be an F -stable maximal torus of G
and let U be the unipotent radical of a Borel subgroup B of G containing T . The Green function
Q GT :G
F
uni → K is deﬁned by u → |T F |−1 Trace(u | H∗c (L−1G (U ))). It coincides with the restriction of
the virtual character RGT (1) to G
F
uni. Green functions are integer valued functions.
3.2. Deligne–Lusztig induction: The Lie algebra case
We assume that p is acceptable for G in the sense of [6, Section 5]. If G is simple, this means
that p is very good for G . Now put P = Lie(P ), L = Lie(L). Let Gnil denote the nilpotent variety.
In [5, 3.2.18] we use a G-equivariant homeomorphism ω :Gnil → Guni to deﬁne a Lie algebra analogue
of the quantity
Trace
((
g, l−1
) ∣∣ H∗c (L−1G (V ))).
For (x, y) ∈ G F ×LF , we denote this quantity by SGL(x, y). It is deﬁned in such a way that
SGL(u, v) = Trace
((
ω(u),ω(v)−1
) ∣∣ H∗c (L−1G (V )))
for any (u, v) ∈ G Fnil × LFnil. It is well deﬁned since ω restricts to a homeomorphism Lnil → Luni
[5, 2.2.2]. We deﬁne RGL :C(LF ) → C(G F ) by the formula
RGL( f )(x) =
∣∣LF ∣∣−1 ∑
y∈LF
SGL(x, y) f (y)
for any f ∈ C(LF ) and any x ∈ G F .
For f ∈ C(G F ), let f |nil denote the function that takes the value f (x) at x ∈ G Fnil and 0 elsewhere.
We have RGL( f )|nil = RGL( f |nil) for any f ∈ C(LF ), see [6, 3.2.16]. In particular, for an F -stable maxi-
mal torus T of G with T = Lie(T ), we have RGT (1)(u) = RGT (1T0 )(u) = Q GT (ω(u)) for all u ∈ G Fnil.
It is proved [6, 5.5.17] that RGL does not depend on the choice of the G-equivariant homeomor-
phism ω. Moreover RGL satisﬁes the basic properties analogous to the group setting like transitivity,
commutation with Alvis–Curtis–Kawanaka–Lusztig duality, and the Mackey formula [5].
Let FG :C(G F ) → C(G F ) be the Fourier transform with respect to Ψ :Fq → K× and a non-
degenerate G-invariant symmetric bilinear form μ on G deﬁned over Fq , see Section 2.4. We
have [6, 6.2.15]:
Theorem 3.1. For any F -stable maximal torus T with T = Lie(T ),
FG ◦RGT = GT qdimURGT ◦FT
where G = (−1)Fq−rank(G) , U is the unipotent radical of a Borel subgroup of G and FT is the Fourier trans-
form with respect to (Ψ,μ|T ×T ).
Note that our deﬁnition of FG differs from that of [6] by a scalar.
An irreducible invariant character of G F is said to be nilpotent, resp. semisimple, if it is the Fourier
transform of the characteristic function of a nilpotent orbit, resp. a semisimple orbit.
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Let U be the unipotent radical of some Borel subgroup of G . For an F -stable maximal torus T of G
with T = Lie(T ), put RGT := qdimURGT .
For σ ∈ T F , denote by θσ the linear character FT (1σ ) : t → Ψ (μ(t, σ )) of T F . Any linear character
of T F is obtained in this way. We say that θσ is in general position if CG(σ ) = T .
Theorem 3.2.
(1) Let T be an F -stable maximal torus of G. Put T = Lie(T ). Then for any character θ of T F , the
invariant function RGT (θ) is a virtual invariant character of G F . If θσ is in general position, then
GTR
G
T (θσ ) = FG(1Gσ ).
(2) For all X ∈ IrrGF (G F ), there exists an F -stable maximal torus T of G together with an irreducible charac-
ter θ of T F such that
(X ,RGT (θ))G F = 0.
(3) A character X ∈ IrrGF (G F ) is nilpotent if and only if there exists an F -stable maximal torus T such that
(X ,RGT (1))G F = 0
where 1 is the trivial character.
Proof. Write θ =FT (1Tσ ) with σ ∈ T F . We want to show that
qdimURGT
(FT (1Tσ ))= GTFG(RGT (1Tσ )) ∈ Z(IrrGF (G F )).
We thus need to prove that the coeﬃcients nO in
RGT
(
1Tσ
)=∑
O
nO1O,
where O runs over the GF -orbits of G F , are integers. Let L = CG(σ )o .1 We have RGT (1Tσ ) =
RGL ◦ RLT (1Tσ ) by the transitivity property of this induction [5]. Since Ad(g)σ = σ for all g ∈ L, it
is straightforward from the character formula [6, 3.2.13] that RLT (1Tσ ) =
∑
C nC1σ+C where C runs
over the nilpotent orbits of LF and where nC := RLT (1T0 )(uC ) = Q LT (ω(uC )) with uC ∈ C . Since Green
functions are integer valued functions, we have
RGT
(
1Tσ
)=∑
C
nCRGL(1σ+C )
where C runs over the nilpotent orbits of LF and nC ∈ Z. If x ∈ σ + C , then RGL(1Lx) = rx · 1Gx with
rx = |CG(x)F |/|CL(x)F | (see [6, 3.2.24]). We thus have
RGT
(
1Tσ
)=∑
C
nC rxC 1
G
xC (4)
1 Note that under our assumption on p, centralizers of semisimple elements of G might not be connected [12, Theorem 3.14].
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RGT (θ) = GTFG(1Gσ ). We thus proved assertion (1). We now prove assertion (3). From the com-
mutation formula in Theorem 3.1 and the fact that q− dimG2 FG is an isometry with respect to ( , )G F ,
we see that for a given nilpotent orbit C and an F -stable maximal torus T , we have
(
1C ,RGT
(
1T0
))
G F = 0
if and only if
(FG(1C ),RGT (1))G F = 0.
Since RGT (1T0 ) is nilpotently supported, this proves that the irreducible constituents of the virtual
characters RGT (1) are nilpotent characters. To prove that any nilpotent character arise in this way, we
need to see that for a given unipotent element u of GF there exists a Green function Q GT which does
not vanish at u. If T is contained in an F -stable Borel subgroup B of G , then Q GT (u) = {gB ∈ G/B |
g−1ug ∈ B} is always non-zero. Let us prove assertion (2). Write X = FG(1Gx ) for some x ∈ G F , let σ
be the semisimple part of x and put L := CG(σ )o . Then the LF -orbit of x is of the form σ +C for some
nilpotent orbit C of LF . We proved that there exists an F -stable maximal torus T of L such that the
value nC of RLT (1T0 ) at C is non-zero. Hence we see from Formula (4) that (RGT (1Tσ ),1Gx )G F = 0.
Applying FG and the commutation formula we deduce that (RGT (θ),X )G F = 0 with θ = FT (1Tσ ). 
3.4. Conjectures
The main ingredients of the proof of Theorem 3.2 are the commutation formula of Theorem 3.1
and the fact that the Green functions are integer valued functions. Now let L be an F -stable Levi
subgroup of some parabolic subgroup (non-necessarily F -stable) of G . Let V be the unipotent radical
of P and deﬁne RGL := qdim VRGL .
Conjecture 3.1. The induction RGL maps invariant characters to virtual invariant characters.
It is conjectured and proved in many cases [6, Theorem 6.2.19] that
FG ◦RGL = GLqdim VRGL ◦FL.
See also [4] for a proof in the case where P is F -stable, in which case RGL is the Harish-Chandra
induction. Modulo this commutation formula and noticing that
RGL
(
1Lv
)
(u) = ∣∣CL(v)F ∣∣−1 Trace((ω(u),ω(v)−1) ∣∣ H∗c (L−1G (V ))), (u, v) ∈ G Fnil ×LFnil,
we can proceed as in the previous section to show the equivalence between Conjecture 3.1 and the
following one:
Conjecture 3.2. For all (u, v) ∈ GFuni × LFuni , the number |CL(v)F | divides the Lefschetz number
Trace
(
(u, v)
∣∣ H∗c (L−1G (V ))) ∈ Z.
If L is a maximal torus T , this conjecture says that |T F | divides Trace(u | H∗c (L−1G (V ))) which is
true since GFuni → K, u → |T F |−1 Trace(u | H∗c (L−1G (V ))) is a Green function. It is also true if P is
F -stable. Indeed in that case H∗c (L−1G (V ))  K[GF /V F ] as GF -module-LF . We thus have
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(
(u, v)
∣∣ H∗c (L−1G (V )))= Trace((u, v) ∣∣K[GF /V F ])
= {gV F ∣∣ ugV F v = gV F }.
Now CL(v)F acts freely on the set {gV F | ugV F v = gV F } by (l, gV F ) → gl−1V F .
Conjecture 3.1 leads to the following question:
Question. Can RGL be deﬁned in terms of a G F -module-LF by analogy with the group case?
4. The virtual characters RGT (θ)
Let G , G be as in Section 3 and let G be the semi-direct product G  G .
4.1. The algebraic group G
Put K = Fq and consider G as the set of K -points G/K (K ) of a reduced K -group scheme G/K .
Let  be an indeterminate and put A = K []/(2). Recall that the group of A-points G/K (A) is
deﬁned as MorK-sch(SpecK (A),G/K ). In other words, if f i : K N → K , i = 1, . . . ,m, are polynomials
deﬁning G , then G/K (A) can be identiﬁed with the set of all (x1, . . . , xN ) ∈ AN such that the element
f i(x1, . . . , xN ) ∈ A is equal to zero for all i. The group G/K (A) can be thus identiﬁed with TeG × G if
TeG denotes the tangent space of G at the neutral element e of G . The group structure on TeG × G
induced by that of G/K (A) is given by the adjoint action of G on TeG = G , see [1, I 3.20, AG 16.2].
We therefore may identify G/K (A) with G as an abstract group.
4.2. The inductions RGL and R
G
L
Let P , L, V be as in Section 3.1 and let P , L and V be their respective Lie algebras. We put
P = P  P , L = L  L, V = V  V . Note that P is not a parabolic subgroup of G. However it is the
semi-direct product LV and NG(P) = P. Let LG :G→ G, x → x−1F (x) be the Lang map. Following [9],
we deﬁne
XG,L :=
{
g ∈ G ∣∣LG(g) ∈ F (V)}.
It is endowed with an action of GF by left multiplication and with an action of LF by right multipli-
cation. The virtual K-vector space H∗c (XG,L) =
∑
i(−1)i Hic(XG,L) is thus a virtual GF -module-LF .
We denote by RGL :C(LF ) → C(GF ) and RGL :C(LF ) → C(G F ) the inductions associated to this bi-
module as in Section 2.2. Unlike RGT , the deﬁnition of R
G
T does not require any assumption on the
characteristic p.
The following properties of RGL can be proved as in the reductive case, see for instance [3].
Proposition 4.1. If P is F -stable, then RGL is the Harish-Chandra induction, i.e.,
RGL ( f )(h) =
∣∣PF ∣∣−1 ∑
{g∈GF |g−1hg∈PF }
f
(
g−1hg
)
where f :PF → K is deﬁned by f (l · v) = f (l) if l ∈ LF and v ∈ VF .
Corollary 4.2. If P is F -stable, then RGL = RGL , where RGL is as in Section 3.3.
Proof. Follows from Proposition 4.1 and [5, Proposition 2.3.7]. 
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F -stable Levi subgroups of Q and P respectively. Let RLM be the induction with respect to the parabolic sub-
group L ∩ Q of L. Then
RGL ◦ RLM = RGM.
Proof. Similar to [3, 11.5]. 
We say that L has the property (S) if for all x ∈ G F and l = (y, t) ∈ LF =LF  LF , we have
Trace
(
(x, l)
∣∣ H∗c (XG,L))= 0
if t = 1.
Corollary 4.4. Assume that L has the property (S), then
RGL ◦ RLM = RGM.
Proof. By assumption and Proposition 2.2, we have ResGG ◦ RGL = RGL ◦ ResLL . On the other hand by
Proposition 4.3, we have ResGG ◦ RGL ◦ RLM = ResGG ◦ RGM . Hence RGL ◦ ResLL ◦ RLM = ResGG ◦ RGM . 
Proposition 4.5. If L is a maximal torus or if P is F -stable, then L has the property (S).
Proof. The case F (P ) = P is easy to check. Assume that L is a maximal torus T . Let x ∈ G F and
l = (y, t) ∈ TF . Then (x,1) ∈ GF is a p-element and l = (y,1) · (0, t) is the decomposition of l as
a product of a p-element by a p′-element. Hence by [2, 3.2],
Trace
(
(x, l)
∣∣ H∗c (XG,L))= Trace((x, y) ∣∣ H∗c (X (0,t)G,L )).
But X (0,t)G,L = {v ∈ XG,L | v · (0, t) = v} is empty if t = 1. 
4.3. The case where θ is in general position
Let T be an F -stable maximal torus of G and put T = Lie(T ).
Theorem 4.6. Assume that q qo where qo is as in Lemma 4.10. Let θσ be a linear character of T F in general
position, then:
RGT (θσ ⊗ 1) = IndG
F
G F T F
(
θGσ ⊗ 1
)
where θGσ (x) := Ψ (μ(x, σ )) for x ∈ G F .
Let us ﬁrst prove some intermediate results.
We start with the following theorem which is a particular case of [9, 2.4].
Theorem 4.7. If θ is a linear character of T F in general position, then the virtual character RGT (θ ⊗ 1) is up to
a sign an irreducible character of GF .
1706 E. Letellier / Journal of Algebra 321 (2009) 1696–1710Proof. Let  be an indeterminate and let A= Fq[]/(2). We apply [9, 2.4] by noticing that G can be
identiﬁed with G(A), see Section 4.1. 
We put Treg := T  Treg where Treg = {z ∈ T | CG(z)o = T }.
We will also need the following lemmas:
Lemma 4.8. Let x ∈ G . If CG(x) contains an element of Treg , then x ∈ T , i.e., T ⊂ CG (x).
Proof. We have G = T ⊕⊕α Gα where the sum is over the roots of G with respect to T and Gα is
the subspace of G on which T acts by the character α : T → F×q . Let b ∈ Treg. Then for any root α
of G with respect to T , we have α(b) = 1. Therefore the only non-zero vectors invariant by Ad(b) live
in T . 
Lemma 4.9. Let σ , z ∈ T (resp. σ , z ∈ T ) and assume that there exists g ∈ G such that gσ g−1 = z (resp.
Ad(g)σ = z). If CG(σ )o = T , then g ∈ NG(T ) and CG(z)o = T .
Proof. We have T ⊂ CG(z)o and CG (z)o = gCG(σ )o g−1 = gT g−1. Hence T ⊂ gT g−1, that is
T = gT g−1. 
Lemma 4.10. There exists a constant qo  1 such that for all q qo, the following assertion holds:
If θ : T F → K× is a group homomorphism such that θ(t) = 1 for all t ∈ T Freg , then θ is the trivial character.
Proof. Recall [8, Lemma 8.1] that if h1, . . . ,hn :Γ → k× are distinct homomorphisms of a ﬁnite group
to the multiplicative group of a ﬁeld k and if |Γ − X | < 2−(n−1)|Γ | for a subset X of Γ , then
the restrictions of h1, . . . ,hn to X are linearly independent as functions X → k× . We thus need to
prove that there exists qo such that for all q  qo , |T F − T Freg| < (1/2)|T F |, i.e., |T Freg|/|T F | > 1/2. But
from [8, Lemma 8.2] we have
∣∣T Freg∣∣
(
1− N (q + 1)
d−1
(q − 1)d
)∣∣T F ∣∣
for some positive integer N which depends only on the root system of G , and where d is the dimen-
sion of T . 
Proof of Theorem 4.6. We ﬁrst compute the value of RGT (θσ ⊗ 1) on TFreg. Let U be the unipotent
radical of a Borel subgroup of G containing T .
Note ﬁrst that for all g ∈ GF , we have
RGT (θσ ⊗ 1)(g) =
∣∣TF ∣∣−1 ∑
h∈TF
Trace
((
g,h−1
) ∣∣ H∗c (XG,T))(θσ ⊗ 1)(h).
We thus need to compute Trace((g,h−1) | H∗c (XG,T)) for g ∈ TFreg. Put g = (a,b) ∈ TFreg and h =
(α,β) ∈ TF . Notice that (α,β) = (α,1) · (0, β) = (0, β) · (α,1) is the decomposition of (α,β) as a prod-
uct of a p-element by a p′-element. Hence by [2, 3.2] we have
Trace
((
g,h−1
) ∣∣ H∗c (XG,T))= Trace((a,1), (−α,1) ∣∣ H∗c (X (0,b),(0,β−1)G,T ))
where X (0,b),(0,β
−1)
G,T := {x ∈ XG,T | (0,b)·x·(0, β−1) = x}. Let (u,h) ∈X (0,b),(0,β
−1)
G,T , i.e., (Ad(b)u,bhβ
−1) =
(u,h). Since b is regular, Lemma 4.8 implies that u ∈ T while the equality β = h−1bh im-
plies that h ∈ NG(T ) by Lemma 4.9. On the other hand, we have (u,h)−1F (u,h) ∈ F (U), that is,
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S = {h ∈ NGF (T ) | h−1bh = β}. We thus have
H∗c
(
X (0,b),(0,β
−1)
G,T
)= K[T F × S].
Hence
Trace
(
(a,1), (α,1)
∣∣ H∗c (X (0,b),(0,β−1)G,T ))= ∣∣TF ∣∣× {t ∈ NGF (T )/T F ∣∣ Ad(t)α = a, tβt−1 = b}.
We deduce that
RGT (θσ ⊗ 1)(a,b) =
∑
α∈T F

{
w ∈ NGF (T )/T F
∣∣ Ad(w)α = a}θσ (α)
=
∑
w∈NGF (T )/T F
wθσ (a).
We now prove that IndG
F
G F T F (θ
G
σ ⊗ 1) is the only irreducible character of GF whose restriction
to TFreg is given by (a,b) →
∑
w∈NGF (T )/T F
wθσ (a). This will prove the theorem since we already know
by Theorem 4.7 that RGT (θσ ⊗ 1) is, up to a sign, an irreducible character of GF .
Let x ∈ G F and let χ be an irreducible character of CG(x)F . Let (a,b) ∈ TFreg. We have
IndG
F
G F CG (x)F
(
θGx ⊗ χ
)
(a,b) = ∣∣CG(x)F ∣∣−1 ∑
{h∈GF |h−1bh∈CG (x)}
θGx
(
Ad
(
h−1
)
a
)R(h,b)
where
R(h,b) = ∣∣G F ∣∣−1χ(h−1bh) ∑
y∈G F
θGx
(
Ad
(
h−1b
)
y − Ad(h−1)y).
Since b ∈ Treg, we have {h ∈ GF | h−1bh ∈ CG(x)} = {h ∈ GF | h−1Th ⊂ CG (x)} by Lemma 4.8. We thus
have
IndG
F
G F CG (x)F
(
θGx ⊗ χ
)
(a,b) = ∣∣CG(x)F ∣∣−1 ∑
{h∈GF |h−1Th⊂CG (x)}
hθGx (a)R(h,b). (5)
We now prove that the restriction of IndG
F
G F T F (θ
G
σ ⊗ 1) to TFreg is (a,b) →
∑
w∈NGF (T )/T F
wθσ (a).
Assume that x = σ and χ = Id. Then {h ∈ GF | h−1Th ⊂ CG(σ )} = NGF (T ). Since b ∈ Treg, for
y ∈ G F , we have Ad(b)y− y ∈ U⊕U− where U− is the Lie algebra of the unipotent radical of the Borel
subgroup opposite to B . Hence for h ∈ NGF (T ), θGσ (Ad(h−1b)y − Ad(h−1)y) = θGAd(h)σ (Ad(b)y − y) = 0
since Ad(h)σ ∈ T and U ⊕ U− is orthogonal to T with respect to the form μ :G × G → Fq ,
see [6, 2.5.1]. Hence R(h,b) = χ(h−1bh) = 1 and so from Formula (5) we have
IndG
F
G F T F
(
θGσ ⊗ 1
)
(a,b) =
∑
w∈NGF (T )/T F
wθσ (a). (6)
We now observe that the RHS (right-hand side) of Formulas (5) and (6) agree for all (a,b) ∈ TFreg if and
only if x is conjugate to σ by an element of NGF (T ). Indeed, the RHS of (6) is a character of T F in the
variable a. On the other hand, for a ﬁxed value of b, the RHS of (5) is a K-linear combination of linear
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i.e., Ad(h)x = σ . Since CG(σ ) = T and x ∈ T , we deduce that h ∈ NGF (T ) by Lemma 4.9. We thus
have CG(x) = T and R(w,b) = χ(w−1bw) = 1 for all w ∈ NGF (T )/T F and b ∈ T Freg. By Lemma 4.10
we have χ = Id.
We thus proved that IndG
F
G F T F (θ
G
σ ⊗ 1) is the only irreducible character of GF whose restriction
to TFreg is given by the RHS of (6). 
Corollary 4.11. Assume that q qo and that θσ is in general position. Then
RGT (θσ ) =FG
(
1Gσ
)
.
Proof. We apply ResGG to the identity in Theorem 4.6. On the right-hand side we get FG(1Gσ ) by
Formula (3). 
From Theorem 3.2, we deduce the following result:
Corollary 4.12. Assume that p is acceptable for G and that q  qo. Then GTRGT (θ) = RGT (θ) if θ is a linear
character of T F in general position.
Conjecture 4.1. If X ∈ IrrGF (G F ), there exists an F -stable maximal torus T together with a linear character θ
of T F such that:
(X , RGT (θ))G F = 0.
Note that if X is nilpotent then, by the proof of Theorem 3.2(3), it lives in RGT ∗ (1) = RGT ∗ (1) where
T ∗ is an F -stable maximal torus contained in some F -stable Borel subgroup. Hence, by Corollary 4.11,
the conjecture is true for G = GL2 assuming that q > 3.
4.4. Comparison of RGT and R
G
T
Assume that p is acceptable and that q > qo where qo is as in Theorem 4.6. If T is contained
in some F -stable Borel subgroup, then we know (see Corollary 4.2) that RGT = RGT . We also know
(see Theorem 4.6) that RGT ( f ) = GTRGT ( f ) if f is a linear combination of linear characters of T F
in general position. Here we prove that the two inductions differ in general. In particular RGT is not
a candidate for the question in Section 3.4.
Let B , U and T be respectively a Borel subgroup of G , its unipotent radical and an F -stable maxi-
mal torus of B .
Put MG,T := XG,T/T F . Then Hic(MG,T ) is a GF -module-T F . For a linear character θ of T F , we
denote by Hic(MG,T )θ the K-subspace on which T F acts by the character θ . Then Hic(XG,T)θ⊗1 
Hic(MG,T )θ as GF -modules. Hence the action of GF on H∗c (MG,T )θ :=
∑
i(−1)i Hic(MG,T )θ affords the
character RGT (θ ⊗ 1). By restriction, the abelian group G F acts also on H∗c (MG,T )θ . This action of G F
affords the character RGT (θ).
Here we compute the G F -module H∗c (MG,T )1 in a special case.
Let B∗ , U∗ and T ∗ denote respectively an F -stable Borel subgroup of G , the unipotent radical
of B∗ , and an F -stable maximal torus of B∗ . Let wo ∈ NG(T ∗) be such that B∗ ∩ woB∗w−1o = T ∗ and
let g ∈ G be such that g−1F (g) = wo .
Proposition 4.13. Assume that T = gT ∗g−1 and B = gB∗g−1 . The G F -module H∗c (MG,T )1 is r-copies of the
trivial representation of G F where r is the degree of the Deligne–Lusztig virtual character RGT (1).
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a linear character θ of T F , note that Hic(MG,T )θ = Hic(MG,1,Eθ ) where Eθ is the subsheaf of ρ∗(K)
on which T F acts by θ . In particular for θ = 1, we have
Hic(MG,T )1 = Hic(MG,1).
Put wo := (0,wo) ∈ G and g := (0, g) ∈ G. Deﬁne
X(wo) :=
{
x ∈ G ∣∣LG(x) ∈ B∗woB∗}/B∗.
As in [2, 1.17], the map hB∗ → hg−1B∗ induces isomorphisms
X(wo) 
{
x ∈ G ∣∣LG(x) ∈ B · F (B)}/B
 {x ∈ G ∣∣LG(x) ∈ F (B)}/B∩ F (B)
 {x ∈ G ∣∣LG(x) ∈ F (U)}/TF = MG,1
which are compatible with the GF action by left multiplication.
On the other hand, by assumption we have G = B∗ +Ad(wo)B∗ where B∗ is the Lie algebra of B∗ .
Hence B∗woB∗ = G × (B∗woB∗). The ﬁbers of the projection
X(wo) → X(wo) :=
{
x ∈ G ∣∣LG(x) ∈ B∗woB∗}/B∗
are all isomorphic to G/B∗ . Hence we have [3, 10.12],
Trace
(
(z,h)
∣∣ H∗c (X(wo)))= Trace(h ∣∣ H∗c (X(wo)))
for any (z,h) ∈ GF . The GF -module H∗c (MG,T )1 is thus isomorphic to the pullback of the Deligne–
Lusztig virtual GF -module H∗c (X(wo)) by the projection GF → GF on the second coordinate. If r
is the degree of the corresponding Deligne–Lusztig virtual character RGT (1), then as a G F -module,
H∗c (MG,T )1 is nothing but r-copies of the trivial representation of G F . 
Corollary 4.14. If T and B are as in Proposition 4.13, then the two characters RGT (1) and R
G
T (1) are not
proportional.
Proof. The restriction RGT (1)|nil is a Green function while RGT (1)|nil is constant. 
4.5. A new deﬁnition of Green functions
Let T be an F -stable maximal torus. For a linear character θ of T F and x ∈ G F , recall that:
RGT (θ)(x) = Trace
(
x
∣∣ H∗c (MG,1,Eθ ))
= Trace(x ∣∣ H∗c (MG,T )θ )
= ∣∣TF ∣∣−1 ∑
(t,h)∈TF
Trace
((
x, (t,h)−1
) ∣∣ H∗c (XG,T))θ(t)
= ∣∣TF ∣∣−1 ∑
F
Trace
(
(x,−t) ∣∣ H∗c (XG,T))θ(t)t∈T
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tion 4.5. If θ is in general position, deﬁne QGT :G Fnil → K as the restriction of RGT (θ) to nilpotent
elements, namely, for u ∈ G Fnil,
QGT (u) := Trace
(
u
∣∣ H∗c (MG,1,Eθ )).
The next theorem implies that QGT does not depend on the choice of θ in general position under
some restriction on p and q.
Theorem 4.15. If p is acceptable for G and q > qo with qo as in Theorem 4.6, then
QGT = GT qdimU Q GT ◦ ω.
Proof. This is the restriction to nilpotent elements of the identity RGT (θ) = GT RGT (θ) in Theo-
rem 4.6. 
In the situation of Proposition 4.13, we have RGT (1)|nil = RGT (θ)|nil, since the right-hand side is
constant. Hence
Trace
(
(u, t)
∣∣ H∗c (XG,T)) = 0
for some u ∈ G Fnil and t ∈ T F − {0}. In this case it is not possible to get rid of θ in the deﬁnition
of QGT .
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